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Abstract: We review recent results on the general structure of two- and three- point functions of
the supercurrent and the flavor current of N = 2 superconformal field theories.
1. Introduction
This note is a brief review of the results obtained
in our recent paper [1] where we analysed the
general structure of two- and three- point func-
tions of the supercurrent and the flavor current
of N = 2 superconformal field theories. Our
research was inspired by (i) similar results ob-
tained by Osborn [2] for N = 1 superconfor-
mal field theories; (ii) N–extended superconfor-
mal kinematics due to Park [3], in particular the
existence of nilpotent superconformal invariants
of three points; (iii) the conjecture of Malda-
cena [4] (see [5] for a review), which relates su-
perconformal gauge theories in four dimensional
Minkowski space to extended gauge supergravi-
ties in five dimensional anti-de-Sitter space.
In N = 1 superconformal field theory, the
conserved currents are contained in two different
supermultiplets: (i) the supercurrent Jαα˙ [6] con-
taining the energy-momentum tensor Θmn, the
supersymmetry currents jmαˆ (αˆ = α, α˙) and the
axial current j
(R)
m ; (ii) the flavor current multi-
plet La¯ [7] containing the conserved flavor cur-
rent va¯m among its components. Both Jαα˙ and
La¯ are real N = 1 superfields, and they satisfy
the conservation equations
D¯α˙Jαα˙ = D
αJαα˙ = 0 , (1.1)
D¯2La¯ = D2La¯ = 0 . (1.2)
In N = 2 superconformal field theory, the
conserved currents are contained in two different
supermultiplets: (i) the supercurrent J [8, 10]
whose components include the energy-momentum
tensor Θmn, the SU(2) R-current j
(ij)
m (i, j =
1, 2), the axial current j
(R)
m and the N = 2 su-
persymmetry currents jimαˆ; (ii) the flavor current
multiplet La¯ij [9, 10] containing the conserved fla-
vor current va¯m among its components. Both J
and La¯ij are real N = 2 superfields (Lij = L
ij),
and they satisfy the conservation equations
DijJ = D¯ijJ = 0 , (1.3)
D(iα L
jk) = D¯
(i
α˙ L
jk) = 0 , (1.4)
where Dij = Dα(iD
j)
α , D¯ij = D¯
(i
α˙ D¯
j)α˙.
Any N = 2 superconformal field theory is a
special N = 1 superconformal model. Therefore,
it is useful to know the decomposition of J and
Lij into N = 1 multiplets. For that purpose we
introduce the N = 1 spinor covariant derivatives
Dα ≡ D
1
α, D¯α˙ ≡ D¯α˙1 and define the N = 1 pro-
jection U | ≡ U(x, θαi , θ¯
j
α˙)|θ2=θ¯2=0 of an arbitrary
N = 2 superfield U . It follows from (1.3) that J
is composed of three independent N = 1 multi-
plets
J ≡ J | , Jα ≡ D
2
αJ | , (1.5)
Jαα˙ ≡
1
2
[D
2
α, D¯α˙2]J | −
1
6
[D
1
α, D¯α˙1]J | ,
while the N = 1 flavor current multiplet is iden-
tified as follows
L ≡ iL12| . (1.6)
Here J and Jα satisfy the conservation equations
D¯2J = D2J = 0 , (1.7)
DαJα = D¯
2Jα = 0 . (1.8)
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The spinor object Jα contains the second super-
symmetry current and two of the three SU(2)
currents, namely those which correspond to the
symmetries belonging to SU(2)/U(1). Finally,
the scalar J contains the current corresponding
to the special combination of the N = 2 U(1)
R-transformation and SU(2) σ3-rotation which
leaves θ1 and θ¯
1 invariant.
2. Superconformal building blocks
InN–extended global superspaceR4|4N parametrised
by zA = (xa, θαi , θ¯
i
α˙), an infinitesimal supercon-
formal transformation
zA −→ zA + ξ · zA , (2.1)
ξ = ξ = ξa(z)∂a + ξ
α
i (z)D
i
α + ξ¯
i
α˙(z)D¯
α˙
i
is generated by a superconformal Killing vector
ξ defined to satisfy
[ξ , Diα] ∝ D
j
β . (2.2)
From here it follows
ξαi = −
i
8
D¯β˙iξ
β˙α , D¯β˙jξ
α
i = 0 (2.3)
while the vector component of ξ is constrained
by
Di(αξβ)β˙ = D¯
(α˙
i ξ
β˙)β = 0 , (2.4)
=⇒ ∂aξb + ∂bξa =
1
2 ηab ∂cξ
c .
For N < 4, the algebra of superconformal Killing
vectors is isomorphic to the N–extended super-
conformal algebra, su(2, 2|N ).
Let us introduce the parameters of gener-
alized Lorentz ω(αβ), scale–chiral σ and SU(N )
transformations Λi
j (Λ† − Λ = tr Λ = 0) gener-
ated by ξ
[ξ , Diα] = −(D
i
αξ
β
j )D
j
β
= ωα
βDiβ − iΛj
i Djα
−
1
N
(
(N − 2)σ + 2σ¯
)
Diα . (2.5)
A primary superfield O(z), carrying some num-
ber of undotted and dotted spinor indices and
transforming in some representation of the R–
symmetry SU(N ), satisfies the following infinites-
imal transformation law under the superconfor-
mal group
δO = −ξO +
1
2
ωabMabO + iΛj
iRi
j O
−2 (q σ + q¯ σ¯) O . (2.6)
HereMab are the Lorentz generators, and Ri
j are
the generators of SU(N ). The constant parame-
ters q and q¯ determine the dimension (q+ q¯) and
U(1) R–symmetry charge (q−q¯) of the superfield,
respectively.
In N = 1 superconformal theory, the super-
current Jαα˙ and the flavor current L are primary
superfields with the superconformal transforma-
tions
δJαα˙ = −ξ Jαα˙ − 3 (σ + σ¯)Jαα˙
+(ωα
βδα˙
β˙ + ω¯α˙
β˙δα
β)Jββ˙ , (2.7)
δL = −ξ L− 2 (σ + σ¯)L . (2.8)
In N = 2 superconformal theory, the supercur-
rent J and the flavor current Lij are primary
superfields with the superconformal transforma-
tions
δJ = −ξ J − 2 (σ + σ¯)J , (2.9)
δLij = −ξ Lij − 2 (σ + σ¯)Lij
+2iΛ(i
k Lj)k . (2.10)
Correlation functions of primary superfields,
〈O1(z1)O2(z2) . . .On(zn) 〉, involve some univer-
sal building blocks which we are going to describe
briefly. Associated with any two points z1 and z2
in superspace are (anti-)chiral combinations x1¯2,
θ12 and θ¯12 :
xa1¯2 = −x
a
21¯ = x
a
1− − x
a
2+ + 2i θ2i σ
a θ¯i1 ,
xa± ≡ x
a ± i θiσ
aθ¯i ;
θ12 = θ1 − θ2 , θ¯12 = θ¯1 − θ¯2 , (2.11)
which are invariant under Poincare´ supersym-
metry transformations (the notation ‘x1¯2’ indi-
cates that x1¯2 is antichiral with respect to z1
and chiral with respect to z2) but transforms
semi-covariantly with respect to the supercon-
formal group (see, e.g. [1]). In extended super-
symmetry, there exist primary superfields with
isoindices, and their correlation functions generi-
2
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cally involve a conformally covariant N ×N uni-
modular matrix1 [3]
uˆi
j(z12) =
(
x2¯1
2
x1¯22
)1/N
ui
j(z12) ,
ui
j(z12) = δi
j − 4i
θ12 ix1¯2θ¯
j
12
x1¯2
2
, (2.12)
with the basic properties
uˆ†(z12) uˆ(z12) = 1 ,
uˆ−1(z12) = uˆ(z21) ,
det uˆ(z12) = 1 , (2.13)
and the transformation rule
δuˆi
j(z12) = i Λi
k(z1)uˆk
j(z12)
− i uˆi
k(z12)Λk
j(z2) . (2.14)
Given three superspace points z1, z2 and z3,
one can define superconformally covariant bosonic
and fermionic variables Z1, Z2 and Z3, where
Z1 = (X1, Θ
i
1, Θ¯1 i) are [2, 3]
X1 = x˜12¯
−1x˜2¯3x˜31¯
−1 ,
Θ˜i1 = i
(
x˜2¯1
−1θ¯i12 − x˜3¯1
−1θ¯i13
)
,
X¯1 = X
†
1 = X1 − 4i Θ˜
i
1
˜¯Θ1 i ,
˜¯Θ1 i = (Θ˜
i
1)
† (2.15)
and Z2, Z3 are obtained from here by cyclically
permuting indices. These structures possess re-
markably simple superconformal transformation
rules:
δX1αα˙ =
(
ωα
β(z1)− δα
β σ(z1)
)
X1 βα˙
+ X1αβ˙
(
ω¯β˙ α˙(z1)− δ
β˙
α˙ σ¯(z1)
)
,
δΘi1α = ωα
β(z1)Θ
i
1β − iΘ
j
1αΛj
i(z1)
−
1
N
(
(N − 2)σ(z1) + 2σ¯(z1)
)
Θi1α
and turn out to be essential building blocks for
correlations functions of primary superfields. The
variables Z with different labels are related to
each other, in particular:
x˜1¯3X3 x˜3¯1 = −X¯1
−1 ,
x˜1¯3 Θ˜
i
3 ui
j(z31) = −X1
−1 Θ˜j1 . (2.16)
1We use the notation adopted in [11, 12]. When the
spinor indices are not indicated explicitly, the following
matrix-like conventions are used [2]: ψ = (ψα), ψ˜ = (ψα),
ψ¯ = (ψ¯α˙), ˜¯ψ = (ψ¯α˙), x = (xαα˙), x˜ = (x
α˙α); but x2 ≡
xaxa = −
1
2
tr (x˜x), and hence x˜−1 = −x/x2.
With the aid of the matrices u(zrs), r, s = 1, 2, 3,
defined in (2.12), one can construct unitary ma-
trices uˆ(Zs) [3], in particular
uˆ(Z3) = uˆ(z31)uˆ(z12)uˆ(z23) (2.17)
=
(
X¯3
2
X32
)1/N (
δi
j − 4i ˜¯Θ3 iX3
−1Θ˜j3
)
transforming at z3 only. Their properties are
uˆ†(Z3) = uˆ
−1(Z3) , det uˆ(Z3) = 1 . (2.18)
The above general formalism has specific fea-
tures in the caseN = 2 that is of primary interest
for us. Here we have at our disposal the SU(2)–
invariant tensors εij = −εji and εij = −εji,
normalized to ε12 = ε21 = 1. They can be
used to raise and lower isoindices: Ci = εijCj ,
Ci = εijC
j . For N = 2, the condition of uni-
modularity of the matrix defined in (2.12) can
be written as
uˆji(z21) = − uˆij(z12) . (2.19)
The importance of this relation is that it implies
that the two-point function
Ai1i2(z1, z2) ≡
uˆi1i2(z12)
(x1¯22x2¯12)
1
2
= −
uˆi2i1(z21)
(x1¯22x2¯12)
1
2
(2.20)
is analytic [13] in z1 and z2 for z1 6= z2,
D1α(j1Ai1)i2(z1, z2) = 0 ,
D¯1 α˙(j1Ai1)i2(z1, z2) = 0 . (2.21)
As we will see later, Ai1i2(z1, z2) is a building
block of correlation functions of analytic primary
superfields like the N = 2 flavor currents. For
N = 2, the fact that uˆ(Z3) is unimodular and
unitary, implies
tr uˆ†(Z3) = tr uˆ(Z3) ,
uˆ
†
ji(Z3) = −uˆij(Z3) . (2.22)
3. Correlation functions of N = 2
currents
According to the general prescription of [2, 3], the
two-point function of a primary superfield OI ,
3
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which is a Lorentz scalar and transforms in a rep-
resentation T of the R–symmetry group SU(N ),
with its conjugate O¯J reads
〈OI(z1) O¯
J (z2)〉 = CO
TI
J
(
uˆ(z12)
)
(x1¯22)q¯(x2¯12)q
,
where CO is a normalization constant.
For the N = 2 supercurrent J and the flavor
current La¯ij , the above prescription gives
〈J (z1) J (z2)〉 = cJ
1
x1¯2
2x2¯1
2
, (3.1)
〈La¯1i1j1(z1)L
a¯2 i2j2(z2)〉 = 2cL δ
a¯1a¯2
×
uˆi1
(i2(z12) uˆj1
j2)(z12)
x1¯22x2¯12
. (3.2)
The relevant conservation equations prove to be
satisfied at z1 6= z2,
D1
ij〈J (z1) J (z2)〉 = 0 ,
D1α(k1〈Li1j1)(z1)L
i2j2(z2)〉 = 0 . (3.3)
According to the general prescription of [2,
3], the three-point function of primary superfields
O
(1)
I1
, O
(2)
I2
and O
(3)
I3
reads
〈O
(1)
I1
(z1)O
(2)
I2
(z2)O
(3)
I3
(z3)〉
=
T (1)I1
J1 (uˆ(z13)) T
(2)
I2
J2 (uˆ(z23))
(x1¯32)q¯1(x3¯12)q1(x2¯32)q¯2(x3¯22)q2
× HJ1J2I3(Z3) .
Here HJ1J2I3(Z3) transforms as an isotensor at
z3 in the representations T
(1), T (2) and T (3) with
respect to the indices J1, J2 and I3, respectively,
and possesses the homogeneity property
HJ1J2I3(∆∆¯X,∆Θ, ∆¯Θ¯)
= ∆2p∆¯2p¯HJ1J2I3(X,Θ, Θ¯) ,
p− 2p¯ = q¯1 + q¯2 − q3 ,
p¯− 2p = q1 + q2 − q¯3 .
In general, the latter equation admits a finite
number of linearly independent solutions, and
this can be considerably reduced by taking into
account the symmetry properties, superfield con-
servation equations and, of course, the superfield
constraints (such as chirality or analyticity [13]).
Below we shall present the most general expres-
sions for three-point functions of the N = 2 su-
percurrent J and the flavor current La¯ij , which
are compatible with all physical requirements.
Details can be found in [1].
The three-point function of the N = 2 su-
percurrent is
〈J (z1)J (z2)J (z3)〉 (3.4)
=
1
x1¯32x3¯12x2¯32x3¯22
×
{
A
( 1
X32
+
1
X¯32
)
+ B
Θαβ3 X3αα˙X3ββ˙Θ¯
α˙β˙
3
(X32)2
}
,
where
Θαβ3 = Θ
(αβ)
3 = Θ
αi
3 Θ
β
3 i ,
Θ¯α˙β˙3 = Θ¯
(α˙β˙)
3 = Θ¯
α˙
3 i Θ¯
α˙i
3 , (3.5)
and A, B are real parameters. The second struc-
ture is nilpotent and real.
The three-point function of the N = 2 flavor
current reads
〈La¯i1j1(z1)L
b¯
i2j2(z2)L
c¯
i3j3(z3)〉 (3.6)
=
uˆi1
k1(z13)uˆj1
l1(z13)uˆi2
k2(z23)uˆj2
l2(z23)
x3¯12x1¯32x3¯22x2¯32
× f a¯b¯c¯
{
εi3(k1 uˆ l1)(l2(Z3)εk2)j3
(X32X¯32)
1
2
+ (i3 ↔ j3)
}
with f a¯b¯c¯ = f [a¯b¯c¯] a completely antisymmetric
real tensor being proportional to the structure
constants of the flavor group.
For mixed correlation functions of the N = 2
supercurrent and the flavor current, we get
〈J (z1) J (z2) L
a¯
ij(z3)〉 = 0 , (3.7)
〈La¯i1j1(z1)L
b¯
i2j2(z2)J (z3)〉 = d δ
a¯b¯ (3.8)
×
uˆi1
k1(z13)uˆj1
l1(z13)uˆi2
k2(z23)uˆj2
l2(z23)
x3¯1
2x1¯3
2x3¯2
2x2¯3
2
×
εk2(k1 uˆ l1)l2(Z3) + εl2(k1 uˆ l1)k2(Z3)
(X32X¯32)
1
2
,
with d a real parameter which can be related, via
supersymmetric Ward identities, to the parame-
ter cL in the two-point function (3.2),
d =
1
4pi2
cL . (3.9)
It is worth pointing out that eq. (3.7) is one of
the important consequences of N = 2 supercon-
formal symmetry and has no direct analog in the
4
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N = 1 case. In a generic N = 1 superconformal
theory with a flavor current L, the correlation
function 〈Jαα˙ Jββ˙ L〉 is not restricted by N = 1
superconformal symmetry to vanish [2].
4. Reduction to N = 1 superfields
From the point of view of N = 1 superconformal
symmetry, any N = 2 primary superfield con-
sists of several N = 1 primary superfields. Hav-
ing computed the correlation functions of N = 2
primary superfields, one can read off all correla-
tors of their N = 1 superconformal components.
Since any N = 2 superconformal theory is a par-
ticular N = 1 superconformal theory, one can
then simply make use of N = 1 superconformal
Ward identities [2] to relate the coefficients of
various correlators.
Using the explicit form (3.1) of the N = 2
supercurrent two-point function, one can read off
the two-point functions of the N = 1 primary
superfields contained in J , in particular2
〈J(z1) J(z2)〉 = cJ
1
x1¯22x2¯12
, (4.1)
〈Jαα˙(z1) Jββ˙(z2)〉 =
64
3
cJ
(x12¯)αβ˙(x21¯)βα˙
(x1¯22x2¯12)2
.
Similarly, the two-point function of the N = 1
flavor current follows from (3.2)
〈La¯1(z1)L
a¯2(z2)〉 = cL
δa¯1 a¯2
x1¯22x2¯12
. (4.2)
We now present several N = 1 three-point
functions which are encoded in that of the N = 2
supercurrent, given by eq. (3.4).
〈J(z1)J(z2)J(z3)〉 =
A
x1¯32x3¯12x2¯32x3¯22
×
(
1
X32
+
1
X¯32
)
, (4.3)
〈J(z1)J(z2)Jαα˙(z3)〉 = −
1
12
(8A− 3B)
×
1
x1¯32x3¯12x2¯32x3¯22
×
{
2(P3 ·X3)X3αα˙ +X32P3αα˙
(X32)2
2Here and below, all building blocks are expressed in
N = 1 superspace.
+ (X3 ↔ −X¯3)
}
, (4.4)
〈Jαα˙(z1)Jββ˙(z2)J(z3)〉 = −
4
9
(8A+ 3B)
×
(x13¯)αγ˙(x31¯)γα˙(x23¯)βδ˙(x32¯)δβ˙
(x1¯32x3¯12x2¯32x3¯22)2
×
{
X3
γγ˙X3
δδ˙
(X32)3
+
1
2
εγδ εγ˙δ˙
(X32)2
+ (X3 ↔ −X¯3)
}
, (4.5)
with Pa defined by [2]
X¯a −Xa = iPa , Pa = 2Θ σa Θ¯ . (4.6)
The most interesting correlator and by far the
most laborious to compute is
〈Jαα˙(z1)Jββ˙(z2)Jγγ˙(z3)〉 (4.7)
=
(x13¯)ασ˙(x31¯)σα˙(x23¯)βδ˙(x32¯)δβ˙
(x1¯32x3¯12x2¯32x3¯22)2
× H σ˙σ,δ˙δγγ˙(X3, X¯3) ,
H σ˙σ,δ˙δγγ˙(X3, X¯3) = h
σ˙σ,δ˙δ
γγ˙(X3, X¯3)
+ hδ˙δ,σ˙σγγ˙(−X¯3,−X3) ,
where
habc(X, X¯) ≡ −
1
8
(σa)αα˙ (σ
a)ββ˙ (σ˜
c)γ˙γ
×hα˙α,β˙βγγ˙(X, X¯) (4.8)
= −
16
27
(26A−
9
4
B)
i
(X2)2
×
(
Xaηbc +Xbηac −Xcηab + i εabcdXd
)
−
8
27
(8A− 9B)
1
(X2)3
×
{
2
(
XaPb +XbPa
)
Xc
−3XaXb
(
Pc + 2
(P ·X)
X2
Xc
)
−(P ·X)
(
3(Xaηbc +Xbηac)− 2Xcηab
)
+
1
2
X2
(
Paηbc +Pbηac +Pcηab
)}
.
Our final relations (4.7) and (4.8) perfectly agree
with the general structure of the three-point func-
tion of the supercurrent inN = 1 superconformal
field theory [2].
5
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Using the results of [2], one may express A
and B in terms of the anomaly coefficients [14]
a =
1
24
(5nV + nH) ,
c =
1
12
(2nV + nH) , (4.9)
where nV and nH denote the number of free
N = 2 vector multiplets and hypermultiplets,
respectivley. We get3
A =
3
64pi6
(4a− 3c) ,
B =
1
8pi6
(4a− 5c) . (4.10)
In N = 1 supersymmetry, a superconformal
Ward identity relates the coefficient in the two-
point function of the supercurrent (4.1) to the
anomaly coefficient c as follows [2]
cJ =
3
8pi4
c . (4.11)
In terms of the coefficients A and B this relation
reads
2
pi2
cJ = 8A− 3B . (4.12)
Let us turn to the three-point function of the
N = 2 flavor current given by eq. (3.6). From
it one reads off the three-point function of the
N = 1 flavor current
〈La¯(z1)L
b¯(z2)L
c¯(z3)〉 (4.13)
=
1
4
f a¯b¯c¯
i
x1¯32x3¯12x2¯32x3¯22
×
(
1
X¯32
−
1
X32
)
.
It is worth noting that the Ward identities al-
low one to represent f a¯b¯c¯ as a product of cL and
the structure constants of the flavor symmetry
group, see [2] for more details.
In N = 1 superconformal field theory, the
three-point function of the flavor current super-
field L contains, in general, two linearly indepen-
dent forms [2]:
〈La¯(z1)L
b¯(z2)L
c¯(z3)〉
=
1
x1¯32x3¯12x2¯32x3¯22
3Our definition of the N = 1 supercurrent corresponds
to that adopted in [12] and differs in sign from Osborn’s
convention [2].
×
{
i f [a¯b¯c¯]
(
1
X32
−
1
X¯32
)
+ d(a¯b¯c¯)
(
1
X32
+
1
X¯32
)}
.
The second term, involving a completely sym-
metric group tensor da¯b¯c¯, reflects the presence of
chiral anomalies in the theory. The field-theoretic
origin of this term is due to the fact that the
N = 1 conservation equation D¯2 L = D2 L = 0
admits a non-trivial deformation
D¯2 〈La¯〉 ∝ da¯b¯c¯ W b¯ αW c¯α
when the chiral flavor current is coupled to a
background vector multiplet. Eq. (4.13) tells
us that the flavor currents are anomaly-free in
N = 2 superconformal theory. This agrees with
the facts that (i) N = 2 super Yang-Mills mod-
els are non-chiral; (ii) the N = 2 conservation
equation (1.4) does not possess non-trivial defor-
mations.
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